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We study field theories on spaces with additional compact noncommutative dimen- 
sions. As an example, we study </> 3 on R ' x Tg using perturbation theory. The infrared 
divergences in the noncompact theory give rise to unusual dynamics for the mode of <f> which 
is constant along the torus. Correlation functions involving this mode vanish. Moreover, 
we show that the spectrum of Kaluza-Klein excitations can be very different from the 
analogous commuting theory. There is an additional contribution to the Kaluza-Klein 
mass formula that resembles the contribution of winding states in string theory. We also 
consider the effect of noncommutativity on the four dimensional Kaluza-Klein excitations 
of a six dimensional gauge field. 
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1. Introduction 



Quantum field theories on noncommutative spaces - usually referred to as noncom- 
mutative field theories - generalize the familiar structure of conventional (commutative) 
local quantum field theories. Field theories on these spaces can be studied using conven- 
tional techniques by representing the underlying noncommutative structure that defines 
the noncommutative space in terms of more familiar entities in a commutative space. For 
example, noncommutative Minkowski space R 1 Q d is defined in terms of space-time coordi- 
nates \x = 0, . . . , d, which satisfy the following commutation relations 

[x»,x u ]=id^ n t v = 0,...,d, (1.1) 

where is a real antisymmetric matrix. Rg' d is a noncommutative associative algebra, 
with elements given by ordinary continuous functions on R 1,d and whose product is given 
by the Moyal bracket or ★-product of functions 

(/ * g)(x) = e ^^W-f(x + a) g(x + P)\ a=f)=0 =fg+ % -d^d^d v g + O(0 2 ). (1.2) 

The generalization of conventional field theories on R 1,d to R 1 e ' ,d is achieved by replacing 
the usual multiplication of fields in the action by the ^-product of fields. 

The presence of *-pro ducts in the action leads to theories that are not maximally 
Lorentz invariant nor local. The nonlocality of the theory is apparent from the infinite 
number of derivatives that appear in the action. The noncommutativity of the space-time 
coordinates (|1.1| ) gives rise to a space-time uncertainty relation 

Ax^Ax 1 ' > -\9^\. (1.3) 

A dramatic consequence of this relation is the absence of decoupling of scales in these 
theories JIJ-0. For instance, if 12 ^ 0, short distance scales in the x 1 direction correspond 
to very large distance scales in the x 2 direction. Therefore, these theories exhibit a very 
peculiar mixing between the ultraviolet and the infrared, such that very high energy modes 
have drastic effects on low energy processes. In spite of this, the theories are apparently 



renormalizable @-[^7f. Morever, field theories with only space noncommutativity (that 
is, 9° l = 0) have a unitary S-matrix. On the other hand, theories with only space-time 
noncommutativity (that is 6 0% ^ 0) are not unitary |I8 . 

A strong motivation for understanding these field theories is the appearance they 
make in string theory [pl5|-[2S]. For instance, noncommutative gauge theories with space 
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noncommutativity describe the low energy excitations of open strings on D-branes in a 



background Neveu-Schwarz two-form field B [ 19|p0 | ||21[| . The excited open string states 
and the closed strings decouple and the noncommutative field theory is the proper descrip- 
tion of the physics. The lack of covariance of noncommutative field theory arises from 
the expectation value of B. The appearance of noncommutative field theory in a definite 
limit of string theory strongly suggests that these field theories are sensible quantum field 
theories. This motivates generalizing the conventional framework of local quantum field 
theory in order to understand these theories. 

In nature we observe three spatial dimensions. However, it is possible that there are 
additional spatial dimensions. Such is the case in string theory and recently there has been 
speculation that extra dimensions may play a role in understanding the hierarchy puzzle 
||26|| or the cosmological constant problem ||27|| . If extra dimensions exist the simplest 
way to explain why they have not been observed is to assume they are compact. It 
is possible that such additional compact spatial dimensions are noncommuting. In this 
paper we explore this possibility in some simple field theories that contain two additional 
compact noncommuting dimensions. We find that the UV-IR mixing that exists for infinite 
noncommuting dimensions leads to some interesting properties of the compactified theories. 

In this paper we study in perturbation theory scalar and gauge quantum field theories 
with compact noncommutative extra dimensions. We examine the low energy dynamics 
of these theories and their spectrum of Kaluza-Klein excitations. For concreteness, we 
consider six dimensional field theories, such that the two extra dimensions are compact 
and noncommutative and four noncompact dimensions are commutative. The two extra 
dimensions are taken to correspond to a noncommutative two torus Tg whose coordinates 
satisfy 

[x 4 ,x 5 ]=i6. (1.4) 

This system can be realized in string theory by wrapping a five-brane on a two-torus T 2 
with a constant S-field along the torus. The low energy effective four dimensional theory 
resulting from compactification on a noncommutative space is local and Lorentz invariant, 
hence it can be relevant phenomenologically. 

In section 2 we consider scalar <p 3 theory on R > x Tg. The noncommutative theory 
on a noncompact space contains infrared divergences. In the compact theory these appear 
as additional divergences in two and three point functions involving the mode of </> that 
is constant along the torus, (f>Q. The correct interpretation of these divergences is unusual 
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dynamics for <pQ. Since the mass of <po diverges as the ultraviolet cutoff is taken to infinity, 
4>o no longer appears as a propagating degree of freedom in the low energy effective theory. 

In section 3 we discuss the Kaluza-Klein mass formula for the scalar field theory 
introduced in section 2. There are one loop corrections which are singular as 9 goes to zero. 
For small 9, they lead to a four dimensional spectrum of states which differs qualitatively 
from the Kaluza-Klein spectrum of a commutative theory. The one loop correction to the 
dispersion relation for the Kaluza-Klein excitations resembles that of winding states in 
string theory ||. 

In section 4 we briefly discuss similar issues in a U(l) gauge theory compactified on 
i? 1 ' 3 x Tq. Again we find that modes of the gauge field which are constant along the torus 
disappear from the low energy theory. The six dimensional gauge field contains Kaluza- 
Klein excitations that are either four-dimensional vectors or four-dimensional scalars. One 
loop corrections modify the spectrum of the four-dimensional scalars, however, the spec- 
trum of the four-dimensional vectors is unchanged. 

Concluding remarks are given in section 5. 

2. Perturbation Theory for </> 3 on i? 1,3 x T| 

The noncommutative scalar <p 3 theory in six noncompact dimensions is defined by the 
following action: 

S = J d 6 x fyd<j>) 2 - i TO V-^>*0*</>Y (2-1) 

The coordinates of commutative four dimensional Minkowski Sp£lC6 £1X6 X^, X , X . X^ . The 
coordinates x 4 and x 5 are noncommuting : 

[x 4 ,x 5 ]=i9. (2.2) 

Since the theory defined by ( |2.1| ) contains an infinite number of higher derivative operators, 
naively one would expect it to be nonrenormalizable. However, it is a renormalizable theory 
because all ultraviolet divergences can be cancelled by counterterms of the form appearing 
in the action ( |2.1p . Unlike conventional field theories, the counterterms are not local 
operators but the nonlocality is of the same type present in the tree level action. The 
S-matrix elements of this theory are plagued with infrared divergences. For instance, the 



one loop correction to the two point function leads to a term in the effective action of the 
form 

where we have introduced the inner product pop = —pm{0 2 ) MN Pn = 9 2 (p 2 + £>§)• 

The action in (|2.1| ) must be augmented by cutoff dependent counterterms. In this 
paper we work at lowest nontrivial order in perturbation theory (i.e. order A 2 in 1PI 
diagrams) and ignore the obvious classical instability in ( |2.1| ). The one loop counterterms 
in the noncompact theory are 

S« = -f **(^& - - 2 lnA 2 )</> 2 + i8^ lnAW + 4^*^***4 

(2.4) 

The explicit form of the ultraviolet regulator A will be discussed later. 

In this paper, we will be concerned with the theory on a space with two noncommuting 
compact directions. The divergence structure of the noncommutative theory on a compact 
space is different from that of the theory on a noncompact space. The coordinates x and 
x 5 are compactified on a rectangular torus with < x 4 , x 5 < 2nR. Momenta along the 
compact directions are quantized, p = n/R, where ft = (77.4, 77,5) are integers. For the mode 
with n 7^ 0, the term in the one particle irreducible action shown in ( |2.3| ) is finite. It gives 
rise to an interesting modification of the Kaluza-Klein spectrum that will be discussed in 
section 3. For the mode with ft = 0, ( |2.3j ) is infinite. 

Given the special role played by n = mode, it is very useful to make the following 
definitions 
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(2kR) 2 J (2.5) 



The <po field contains the mode with ft = 0, contains all modes with nonvanishing n. In 
terms of these fields the action (12.11) is: 



s = j<?x Qw) 2 - \mW + l(d<p ) 2 - V</> 2 - ^4>*4>*4> - ^ 2 <Po - 7^) • 

(2.6) 

The products involving </>o are ordinary products. This is because after integration the 
★-product of three fields reduces to an ordinary product whenever one of the fields has 
vanishing momentum along noncommuting dimensions. No operator of the form j d G x<J)<J)Q 
appears because it is forbidden by momentum conservation. 
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i (1 ~ §m! 

2 ->2 / r>2 2 i 

p — n J K — m + te 




Fig. 1: Feynman rules for noncommutative 3 on R 1 ' 3 x Tq . Solid lines are 4> 
quanta, dotted lines are (f>o quanta. Momenta along noncompact directions are 
denoted by p, while n/R,k/R and rh/R are momenta along compact directions. 
The wedge product is defined to be n A k = n^k^ — n^k^. 

The Feynman rules derived from the action ( |2.6[ ) are given in fig. 1. Noncommutativity 
introduces oscillatory factors in the vertices of the theory. These oscillatory factors never 
make a graph more ultraviolet divergent than the naive power counting estimate. Therefore 
if a graph is ultraviolet finite in the commutative theory it will also be ultraviolet finite 
in the noncommutative theory. Since </> 3 in six dimensions is renormalizable, only the two 
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and three point functions of this theory can have ultraviolet divergences. 



a) 




b) 




c) _ _ 




d) --/ 



i 

r 



Fig. 2: One loop corrections to the two point functions for cpo and 



The one loop contributions to the two point functions are shown in fig. 2. We begin 
with diagram a), which is a contribution to the two point function of 4>. 



a) 



X' 



1 



2 (2tvRY 



E 



d H cos 2 (6 n A k/(2R 2 ))(l - g g>0 )(l - ^ +£>0 ) 

(27r) 4 (/2 _ £2/^2 _ m 2) ((J + p )2 _ + £)2 ^2 _ m 2} 



(2.7) 



In ( p.7|) , / denotes the loop momenta along the noncompact directions, while k/Ris loop 
momenta along compact directions. Similarly, p(n/R) is the external momenta along the 
noncompact (compact) directions. In (|2.7]), n A k = n^k^ — n^k^. Since the external field 
is </>, n 7^ 0. This implies 5^ S^ + ^ Q = 0. We can simplify the numerator by using the half 
angle formula for the cosine and the fact that n A k = for k = 0, — n to obtain: 



a) 



X 2 



4 (27T.R) 2 



E 



rf 4 / 1-2 %p ~ 2 ^ +£>0 + cos(fl n A k/R 2 ) 

(27r) 4 (/2 _ %2/ R 2 _ m 2)(( Z + p )2 _ ^ + fc)2/#2 _ m 2). 



(2.J 



The oscillatory factor cos(#n A k/R 2 ) makes the last term of (|2.8|) ultraviolet finite. The 
first term is quadratically divergent, while the second and third terms are logarithmically 
divergent. Only the divergent terms will be evaluated in this section. 
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We first represent the propagator using Schwinger parameters then perform the Gaus- 
sian integral over the loop momentum to obtain 



zA 2 



a 



4(47r) 3 7r# 2 



Jo « Jo \V 



( 2 / -i \ 2 ^ ^ " ^ 

—a m — x(l — x)p + —t + x 



R 2 



R 2 



— 4exp 



n 2 V 

—a ( m 2 — x(l — x)p 2 + x jp J 



The sum over k is performed using the definition of the Jacobi theta function 

oo 

r) = exp(7rm 2 r + 2iTvnu), 



(2.10) 



and the modular transformation $(z^, r) = (— fr) */ 2 exp(— 7tzV 2 /t)$(z//t, — 1/r). The re- 
sult is 



zA 2 



4(4tt) 



— ^ I ax exp 

cr 



aim + x(l 



x 



TV 



n 



R 2 



00 da f 1 , 
— / ax exp 



o 



n 



o 



^(ccn^^a^) 



-»2 \ 



a m — x(l — x)p + x—t 



R 2 J 



Xll) 



In this formula we have defined = $(z^, mR 2 la). The ultraviolet divergent contribu- 
tion comes from the a — > region and in this limit we can set the $ functions to unity. 
Then the first term is proportional to the quadratically divergent one loop correction in 
the commutative theory in the R — > oo limit. Corrections to this limit come from the 
n ^ terms in the expansion of ( |2.10j ) and these are finite. There are also corrections 
arising because of the absence of the n = mode in the loop integral. These corrections 
depend explicitly on the size of the compact dimension and are logarithmically divergent 
since the loop integral is effectively four dimensional for the zero mode. 

The integrals can be regulated by inserting into the integral exp(— l/(A 2 a)), where A 
is the ultraviolet cutoff. The divergent contribution from diagram a) in fig. 2 is: 



a) 



zA 5 



4(4tt) 3 
; o 

b) 



A 



2 1 

m +- 

D 



IV 



- P+ R~ 2 ) + 



R 2 



TV 



lnA^ 



(2.12) 



The divergences in the other graphs in fig. 2 can be computed in the same way. We find 

zA 2 In A 2 



c) 
d) 



(4tt) 3 ttR 2 
zA 2 



A^ 



2(4tt) 3 

z'A 2 In A 2 
: 2(4tt) 3 nR 2 ' 



1 



m 



9 

y + nR 2 



In A' 



(2.13) 
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Fig. 3: Divergent one loop corrections to the three point functions. 



Next we consider the one loop divergences in the three point functions of the theory. 
If a zero mode appears in the loop then the loop integration is effectively four dimensional 
and the graph is finite by power counting. Therefore, it is only necessary to consider loop 
graphs with internal cj) quanta. The relevant Feynman graphs are shown in fig. 3. The 
leading divergences are logarithmic and these can be obtained from a calculation treating 
the loop momentum as continuous. The divergences in the graphs of fig. 3 are 



a) =- 

b) =~ 

c) = - 



8(4tt) 3 

zA 3 
4(4tt) 3 

zA 3 
2(4tt) 



cos 



lnA^ 



r lnA z 



e 



2R 2 



n A k | In A 2 , 



(2.14) 



The two and three point functions for (p are rendered finite by adding the counterterms 
in (|2.4|) . These counterterms do not render correlation functions involving (pQ finite in the 
compactified theory. After adding the counterterms in ( |2.4[ ), the divergent part of the 4>q 
self energy is 



A^ 



A 



m 



V - ) InA 2 
6 



;2.15) 



4(4tt) 3 

A similar uncancelled divergence appears in three point functions involving <pQ. The coun- 
terterm in ( |2.4j) regulates three point involving three <p but not the divergences from 
diagrams b) and c) in fig. 3. 





Fig. 4: Resummation of divergent terms in 
blob represents So in ( p . 1 5| ) . 



two-point function. The shaded 
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In the noncompact theory the two and three point functions contain infrared diver- 
gences. In the compactified theory, these infrared divergences appear as uncancelled cutoff 
dependence in two and three point functions involving <pQ. The correct interpretation 
of the uncancelled dependence on A is obtained by considering renormalization from the 
Wilsonian point of view. Instead of trying to introduce new counterterms, we interpret the 
ultraviolet cutoff as a physically significant scale. Then it is clear that the 0o mode, unlike 
the 4> modes, develops a mass of order A and hence decouples from the low energy theory 
as A — > oo. This decoupling can be seen diagramatically. As A — > oo, Eo — > oo. When So 
becomes large it is necessary sum insertions of Eo in the <po propagator to all orders, as 
shown in fig. 4. The two-point correlation function (O|T(0o(#)0o(y))|O) is of order 1/A 2 
and hence vanishes as A 2 — > oo. Other correlation functions involving <pQ also vanish. 

In any correlation function, the resummation shown in fig. 4 is to be performed when- 
ever <pQ is an external line or for graphs which fall apart when a 4>q propagator is cut. 
Furthermore, at the order in perturbation theory we are working this resummation is only 
performed for <po propagators which do not appear inside 1PI subgraphs. For example, 
this resummation is not performed for internal <fio in diagrams b) and d) of fig. 2. This 
procedure gives finite answers for all correlation functions at this order in perturbation 
theory. There are uncancelled divergences proportional to In A 2 in the 1PI three point 
functions with one or three external 4>Q- However, the resummed propagators for the (f>o 
fall off as 1/A 2 . 

Because of the sign of the correction in ( |2.15| ), the mass of the zero mode appears to be 
driven to negative, perhaps indicating that <fio is tachyonic. Unfortunately, it is impossible 
to address this issue in the one loop approximation we are employing in this paper. This 
is because higher order corrections to the self energy are of the form 

5E ~ A 2n+2 A 2 ln n A. (2.16) 

Perturbation theory breaks down for A — > oo and the sign of the quadratic divergence 
cannot be determined by lowest order perturbation theory. The zero mode mass is likely 
to be driven to ±oo, but the sign is not known from the one loop calculation we have 
performed in this section. At the next order in perturbation theory Eo will occur in loops 
that renormalize the masses of the modes. The cutoff dependence of these corrections 
must be cancelled by the counterterms if the low energy effective theory has dynamics for 
the modes of (p that is close to what is expected based on the one loop analysis. 
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This completes the analysis of the cutoff dependence of the compactified theory at 
the one loop level. All necessary counterterms are present in (|2.4| ) and the additional 
divergences remove <po from the low energy theory. An important outstanding issue is to 
see how ultraviolet divergences cancel at higher orders. 



3. Kaluza-Klein Spectra on Noncommutative Tori 

In this section we compute the spectrum of Kaluza-Klein modes that arises from 
Q2.1|) compactified on Tq . In the classical limit, the 4> quanta of the commutative and 
noncommutative theories have the same dispersion relation. However, the nonlocality of 
noncommutative field theories leads to one loop corrections to the dispersion relation. In 
the noncompact case the one loop dispersion relation is of the form 

p 2 -m 2 + -^-— + ... = 0, (3.1) 

(Any pop 

where the ellipsis denote terms that are less singular as p o p — > 0. The nonanalytic 
dependence in 9 of ( |3.1| ) results in corrections that diverge for soft momenta along the 
noncommutative directions. After compactification, the discretization of momenta isolates 
the zero momentum mode of the field, such that only for this component of the field one 
obtains a divergence in the one loop dispersion relation ( |3.ip . As shown in section 2 this 
quantum correction drives the <po mass to infinity, effectively removing <po from the theory. 

It is straightforward to compute the one loop dispersion relation for the non-zero 
modes. The relevant Feynman graphs that need to be evaluated are diagrams a) and b) of 
fig. 2. As shown in section 2, the divergences in these graphs are absorbed by counterterms. 
We are interested in the finite corrections coming from the nonplanar piece of diagram a), 
i.e., the term proportional to cos(9nAk/R 2 ) in (|2.8|) . This piece gives the leading behavior 
for small 9. The one loop self energy is 



A 2 rl 



4(4tt)3 J 



dx I da a 2 exp 



-a I m 2 + x[l — x) I —p A + 



n 2 \\ 9 2 n 2 1 



R 2 7 7 AR 2 



o 



lj/ ..^W ■ 0n *\M 1 %( ■ 0nS \%( J-' 9714 

v xri4 + i— — v xns — i— — + —v xn^ — i— — v xn^ + i 



2 V 2a J \ 2a J 2 \ 2a J \ 2a 

Setting p 2 — n 2 /R 2 = m 2 in the above formula, the leading terms for small 9 are 



(3.2) 



\ 2 ( R 2 5 2l (m 2 9 2 n 2 \ , 

+ — m 2 ln +... , (3.3) 



(4tt) 3 V^ 2 n 2 24 \ R 2 
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so that the formula for the Kaluza-Klein masses is 

2 2 n 2 X 2 ( R 2 5 2l (m 2 9 2 n 2 \ \ 
m * = m + K^-j4^[^ + 24 m ln [-l^) + -)> (3 - 4) 

Spatial noncommutativity in the compact directions gives a correction to the Kaluza-Klein 
mass formula which resembles that of winding states in string theory. Note that the mass 
correction from the nonplanar diagram is negative. For sufficiently small 9, this correction 
induces a negative mass squared for some Kaluza-Klein modes. The ellipses in Eqs. 
and denote terms that are less important as 9 — > 0. 



4. Noncommutative £7(1) Gauge Theory in Six Dimensions 

In a noncommutative space-time a pure U(l) gauge theory is interacting. The action 
in six dimensions is 

S = ~\J d 6 xF MN *F MN , (4.1) 

where the field strength tensor 

F M n = d M A N - d N A M - ig(A M * A N - A N ★ Am), (4.2) 

transforms as 

S a F M N = ig(a ★ F M n - F M n * a) (4.3) 
under the U(l) gauge transformation 

5 a A M = OmO! + ig(a* A M — A M * a). (4.4) 

Terms in the action quadratic in A are the same as in the commutative theory so the 
tree level spectrum of Kaluza-Klein excitations follows that case. These are massive four 
vectors, labelled by A^\ and scalars, labeled by = (n^A^ — 714A5 )/ VrP', with 
masses 

m\ = -j. (4.5) 

Note that the orthogonal scalar component, = (n^A^ +nsA^)/y/^?, can be gauged 
away. It has become the longitudinal component of the massive four vectors A^ through 
the standard Higgs mechanism. 

As in the case of scalars discussed in Section 2 the n = modes need to be treated 
differently. They consist of a four dimensional gauge field and two massless scalars. In this 
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case the zero mode fields do not interact with each other nor do they couple to the n^O 
modes. There are no one loop graphs contributing to the two point functions of these 
fields in the compactified theory. However, these fields receive a divergent wavefunction 
renormalization from the counterterms of the noncompact theory. This divergence can be 
removed simply by making a field redefinition. If currents charged under the U(l) gauge 
symmetry were added to the theory, the field redefinition would result in a suppression of 
the couplings of the gauge field to these currents. The n = modes decouple from the low 
energy effective field theory, not because their masses are driven to infinity (as in the case 
of the scalar theory), but because their couplings to other fields are driven to zero. 

The perturbative corrections to the masses of the Kaluza-Klein modes with n ^ 
follow from the two point function Hmn of the gauge field. As in the case of the scalar 
field theory considered in the last section, the most important corrections for 9 < R 2 can 
be obtained by replacing the discrete sum over compact loop momenta with a continuum 
integral. This yields §||[|28] 



n M N = n p MN + ir^ N , (4.6) 

where 

• 2 poo pi 

U mn = 77-\3 / — / dxexp\p 2 ax(l-x)] [(p 2 g M N - PmPn) (8-4(1 - 2x) 2 )] , (4.7) 

(47TJ Jo a Jo 



and 



U MN = "7^)3 J ~2~ J dxex P (p 2 Oix(l - X) 



pop 
4a 



x 



(p 9mn ~ PmPn)(8 - 4(1 -2x) ) ?PmPn 

a z 



(4.8) 

Here pM = @mnP N and p is the six dimensional external momentum. The components of 
external momentum along the compact directions, p4 and p$, are quantized. 



The first term inside the brackets in (3~8) gives rise to wavefunction renormalization 



(ft) 

for the massive vector modes and does not change their masses. However, the term 



1 IImjv is calculated in background field gauge. This amounts to replacing Am in Eq. action 
by Qm + Am and adding the gauge fixing term 1/2 J d 6 xG 2 , where G = 8mQ — ig(AM * Q M — 
Qm * A M ). Note that we are using the convention g^ v = diag(- 



5 5 5? 
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proportional to PmPn can affect the masses of the scalars h^ n \ Using the same approxi- 
mations that were used in the scalar case we find that the Kaluza-Klein spectrum for the 
/i( n ) at one loop is 

m " ~ B 2 ~ n 3 6 4 (n 2 ) 2 + "" ^ ' 

Again for small 9 the second term in ( |4.9| ) can dominate over the first and drives 
negative. Higher order terms in the effective potential for must be computed to 
determine whether this results in a vacuum expectation value for the or signals a true 
instability of the theory. 



5. Conclusion 

It is a widely held belief that there are additional compactified spatial dimensions. 
Extra dimensions occur in string theory and it has even been conjectured that their pres- 
ence may lead to a resolution of the hierarchy puzzle j5£j[ or cosmological constant |Z7| 
problem. If extra spatial dimensions do exist then it is possible that they are noncommut- 
ing. Motivated by this possibility we have explored the properties of some simple theories 
with noncommuting compact extra dimensions. 

We considered, at lowest order perturbation theory, a <p 3 theory compactified on a 
rectangular noncommuting two torus, Tq . The UV-IR mixing that occurs in the uncom- 
pactified case has important implications for the compactified theory. It causes the mode 
of the (j) field that is constant on the torus (i.e. the zero mode) to have different dy- 
namics than the other modes. Quantum corrections drive correlation functions of this 
mode to zero. It does not appear as a propagating degree of freedom in the effective four 
dimensional theory. 

The mass spectrum of Kaluza-Klein excitations was calculated in this theory. At the 
one loop level the masses get a contribution that resembles that of winding states in string 
theory. This contribution to the square of the mass is negative and for small values of the 
noncommuting parameter it could dominate over the tree level term. 

We also examined a U(l) gauge theory compactified on Tq . Similar phenomena to 
those that occur in the scalar case were found. 
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